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Abstract

In this paper, time-domain transient analysis of elastic dam–reservoir interaction including the reservoir bottom

effects is presented by coupling the finite element method in the infinite fluid domain and in the solid domain. An

efficient coupling procedure is formulated by a substructuring method. Sommerfeld’s boundary condition for the far

end of the infinite domain is implemented. To verify the proposed scheme, numerical examples are given to compare

with available exact solutions for rigid and elastic dam cases. Finally, a numerical example is studied to evaluate the

effects of the reservoir bottom.

r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

A dam–reservoir system subjected to a strong earthquake is likely to behave nonlinearly, even though the concrete

material of the dam remains elastic. Therefore, a transient analysis of the structure interacting with a fluid and subjected

to the earthquake ground motion is necessary for a realistic analysis. Westergaard (1933) initially originated the

estimation of the hydrodynamic pressures on the concrete dams. By assuming the water to be incompressible, Zangar

and Haefei (1952) and Zienkiewicz and Nath (1963) determined the hydrodynamic pressures on the dams

experimentally, establishing an analogy between the electric potential problem and the dam interaction problem.

Chopra (1968) reported that the effect of water compressibility is significant for seismic response. Later, Saini et al.

(1978), Chopra and Chakrabarti (1981), Hall and Chopra (1982), Fenves and Chopra (1985) and Lotfi et al. (1987),

studied this problem in the frequency domain by using the finite element method. Finite element time-domain analyses

were done by Sharan (1987) and Tsai et al. (1990). In time-domain formulations, researchers used a radiation boundary

condition for the far end or for the near end to take into account the radiating waves. A radiation boundary condition

at the far end of a finite reservoir introduces damping in the system and models the loss of energy by the outgoing

waves. Analytical solutions for the far boundary were performed by Chwang and Hausner (1978) and Liu (1986).
e front matter r 2005 Elsevier Ltd. All rights reserved.
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Another method, which was used by Kuo (1982), is the added mass approach. In this method, the linear and

nonlinear responses of the dam–reservoir interaction are approximated by the addition of a number of masses into the

dam equation.

For linear analysis, the frequency-domain formulations are simpler, but for a nonlinear analysis of the structure it is

necessary to develop time-domain formulations. The added mass type of formulation can be used for both the linear

and nonlinear analyses but it is not appropriate for cracked dams under earthquake loads (Ghaemian and Ghobarah,

1998). The finite element method was used to discretize the fluid domain and the far end was modelled by using the

radiation boundary conditions of Sharan (1987) or Sommerfeld (1949). These two radiation boundary conditions are

the simplest; more complicated boundary conditions were developed as in Tsai et al. (1990), Maity and Bhattacharyya

(1999) and Li et al. (1996). The complicated boundary condition for the far end gives better results even when the

radiating boundary is located very near to the dam surface, but its implementation in a finite element code is tedious.

Mostly, the simplest boundary conditions are preferred in the analyses, but due to the approximation made in the

transmitting boundary, it is necessary to use a sufficiently large numbers of elements.

A parametric study on the fluid–structure interaction problem was realized by Maity and Bhattacharyya (2003),

recently. In their study, an iterative scheme in the dynamic analysis and a complicated boundary condition was used.

However, in this study, a direct time integration with a simple radiating boundary condition is considered in the

dynamic analysis of dam–reservoir interaction. Finally, a simple and 1-D model is implemented to take into account the

effects of the sediments for the bottom absorption effects.
2. Analytical formulation

Fig. 1. illustrates the geometry of a dam–reservoir system. In the formulation of the dam–reservoir interaction, a

substructure method is used. The uncoupled structural and fluid responses are presented separately. The coupling is

done via the interfaces that take into account the interaction forces between the dam and reservoir.
2.1. Structural responses

The solid dam is discretized by using finite elements, and the equations of the system subjected to the ground motion

including the effects of reservoir are written as

½M�f €ug þ ½C�f _ug þ ½K �fug ¼ �½M�f €ugg þ fEðtÞg, (1)

where [M] is the mass matrix, [C] is the structural damping matrix, [K] is the structural stiffness matrix, {u} is the vector

of nodal displacements relative to the ground, {üg}is the vector of ground accelerations, {E(t)}is the vector of nodal

point forces associated with the hydrodynamic pressures produced by the reservoir; the over-dot defines the

differentiation with respect to time.
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The structural damping in the system is included by using a Rayleigh type of damping matrix,

½C� ¼ b1½M� þ b2½K �, (2)

where b1 and b2 are variable factors to obtain a desirable damping in the system.
2.2. Reservoir responses

For a compressible inviscid fluid, the hydrodynamic pressure p resulting from ground motion of the rigid dam (Fig. 1)

satisfies the wave equation,

r2p ¼
1

c2
q2p

qt2
, (3)

where c is the velocity of the sound in water and r
2 is the Laplacian operator in two dimensions.

The following boundary conditions are defined by assuming the effects of surface waves and viscosity of the fluid are

neglected.
(i)
 At the fluid–solid interface (S1):

qp

qn
¼ �ran, (4)

where an is the normal acceleration on the interface and r is mass density of the fluid.
(ii)
 At the bottom of the fluid domain (S2):

qp

qn
¼ �ran � q̄

qp

qt
, (5a)

where q̄ is a damping coefficient which is the fundamental parameter characterizing the effects of the reservoir

bottom materials and it is given in Fenves and Chopra (1984) as

q̄ ¼
1� ab

cð1þ abÞ
, (5b)

in which ab is the ratio of the amplitude of the reflected hydrodynamic pressure wave to the amplitude of a

vertically propagating pressure wave incident on the reservoir bottom.

The absorption of the pressure waves at the reservoir bottom is an important factor that may significantly affect the

magnitude of the hydrodynamic force on the dam. Fenves and Chopra (1984) investigated the effects of

sedimentary material deposited on the reservoir bottom. As well as employing an approximate boundary condition

to simulate energy absorption into the sediment, they suggested that the sediment can play a significant role in

modulating the response of the concrete gravity dams. Lotfi and Tassoulas (1986) modelled the sediment as a

linearly viscoelastic, nearly incompressible solid. The analysis was based on the finite element method and used

hyperelements in which all interactions were taken into account. Medina and Dominguez (1989) carried out

calculations using the boundary element method and obtained results similar to those of Lotfi and Tassoulas

(1986). Cheng (1986) investigated the effects of poroelastic sediment on the hydrodynamic force on a rigid dam,

seated on a half-plane viscoelastic foundation. Bougacha and Tassoulas (1991) modelled the sediment material as a

poroelastic continuum. The rigorous poroelastic model for the sediment material requires accurate information on

the layer characteristics, such as material grain size, porosity, degree of saturation and hydraulic conductivity.

These details are not readily available for the existing structures. Besides, from a computational point of view, this

approach requires an enormous amount of computation. Therefore, a simple boundary condition, Eq. (5a), is used

in the work of Yang et al. (1996) and in the current work.
(iii)
 At the far end (S3): A Sommerfeld-type radiation boundary condition can be implemented, namely

qp

qn
¼ �

_p

c
. (6)
(iv)
 At the free surface (S4),

p ¼ 0. (7)
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Eqs. (3)–(7) can be discretized using finite elements to give a matrix equation of the form

½G�f €pg þ ½H�fpg ¼ fBg, (8)

where

Hij ¼
XZ

Re

qNi

qx

qNj

qx
þ

qNi

qy

qNj

qy

� �
dR, (9)

Gij ¼
X 1

c2

Z
Re

NiNj dR, (10)

Bi ¼
XZ

Se

Ni
qp

qn
dS. (11)

In Eqs. (9)–(11), Ni defines the shape function, Re and Se denote the region and external boundary of an element,

respectively.

If Eq. (8) is partitioned and appropriate boundary conditions, Eqs. (4)–(7), are substituted in Eq. (11), one can write

G11 G12 G13 G14

G21 G22 G23 G24

G31 G32 G33 G34

G41 G42 G43 G44

2
6664

3
7775

€p1

€p2

€p3

€p4

8>>>><
>>>>:

9>>>>=
>>>>;

þ

H11 H12 H13 H14

H21 H22 H23 H24

H31 H32 H33 H34

H41 H42 H43 H44

2
6664

3
7775

p1

p2

p3

p4

8>>>><
>>>>:

9>>>>=
>>>>;

¼

B1

B2

B3

0

8>>><
>>>:

9>>>=
>>>;
, (12)

in which

B1 ¼

Z
S1

N1q1 dS; B2 ¼

Z
S2

N2q2 dS; B3 ¼

Z
S3

N3q3 dS, (12a)

where subscripts ‘1’, ‘2’, ‘3’ and ‘4’ represent the dam–reservoir interface, the dam–foundation interface, the far

truncating end, and the free surface, respectively. q1 is equal to �rð €us þ €ugÞ, in which r is the mass density of the fluid, üs

is the nodal acceleration produced by the flexible dam, and q2 and q3 are equal to ð�r €ug � q̄ _p2Þ and � _p3=c, respectively.

Rewriting Eq. (12), results in the following form:

½G�f €pg þ ½Cf �f _pg þ ½H�fpg ¼ fbg, (13)

in which

½Cf � ¼

0 0 0 0

0 q̄ 0 0

0 0 1=c 0

0 0 0 0

2
6664

3
7775, (14)

fbgT ¼ f�rSTð €us þ €ugÞ � rST €ug 0 0g, (15)

where S ¼
R

NT
i Nj dS.
3. Coupling of the dam and reservoir equations

The substructuring technique is used to couple the finite elements of the discretized dam domain and the reservoir

domain by applying the pressure and displacement boundary conditions on the common interfaces, i.e. on the surface

S1 (Fig. 1).

Applying the Newmark method to Eq. (1) yields

½K̄�fuig ¼ fRig, (16)

in which the superscript ‘i’ represents the ith time step,

½K̄� ¼ ½K � þ a0½M� þ a1½C�, (17)

fRig ¼ �½M�f €ugg þ fEig þ ½M�ða0fu
i�1g þ a2f _u

i�1g þ a3f €u
i�1gÞ þ ½C�ða1fu

i�1g þ a4f _u
i�1g þ a5f €u

i�1gÞ, (18)
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where

a0 ¼
1

bDt2
; a1 ¼

g
bDt

; a2 ¼
1

bDt
; a3 ¼

1

2b
� 1; a4 ¼

g
b
� 1; a5 ¼

Dt

2
ð
g
b
� 2Þ. (19)

For the given values of g ¼ 0:5 and b ¼ 0:5, the suggested method is unconditionally stable. By applying the Newmark

method to Eq. (13), one can detain the following:

½H̄�fpig ¼ fbi
g, (20)

in which

½H̄� ¼ ½H� þ a0½G� þ a1½Cf �, (21)

fbi
g ¼

�rSTð €ui
s þ €ui

gÞ

�rST €ui
g

0

0

8>>>><
>>>>:

9>>>>=
>>>>;

þ ½G�ða0fp
i�1g þ a2f _p

i�1g þ a3f €p
i�1gÞ þ ½Cf �ða1fp

i�1g þ a4f _p
i�1g þ a5f €p

i�1gÞ, (22)

where €ui
s is the nodal acceleration on the dam–reservoir interface and it is given by

f €ui
sg ¼ a0ðfu

i
sg � fui�1

s gÞ � a2f _u
i�1
s g � a3f €u

i�1
s g. (23)

By substituting Eq. (23) into Eq. (22) and rewriting Eq. (22), one can obtain

fbi
g ¼

�rST½a0ðfu
i
sg � fui�1

s gÞ � a2f _u
i�1
s g � a3f €u

i�1
s g þ €ui

g�

�rST €ui
g

0

0

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

þ ½G�ða0fp
i�1g þ a2f _p

i�1g þ a3f €p
i�1gÞ

þ ½Cf �ða1fp
i�1g þ a4f _p

i�1g þ a5f €p
i�1gÞ. ð24Þ

Let

½h� ¼ ½H̄��1 ¼

h1

h2

h3

h4

2
6664

3
7775 ¼

h11 h12 h13 h14

h21 h22 h23 h24

h31 h32 h33 h34

h41 h42 h43 h44

2
6664

3
7775. (25)

In a 3-D analysis, the computational efficiency of the solution considerably decreases by taking the inverse of the ½H̄�

matrix. By substituting Eq. (25) in Eq. (20), one obtains

fpig ¼ ½h�fbi
g. (26)

Since the pressures on surface S1 of the dam are contributed to the structural equation as {E(t)}, one can write the ith

step in the following form:

fEig ¼ ½S�fpi
1g, (27)

where [S] is a transformation matrix which transforms the pressures to the nodal forces for a given surface. By rewriting

Eq. (16), one obtains

½K̂�fuig ¼ fR̂
i
g, (28)

where

½K̂� ¼ ½K � þ a0ð½M� þ ½M̄�Þ þ a1½C�, (29)

fR̂
i
g ¼ � ð½M� þ ½M̄�Þf €ugg þ ð½M� þ ½M̄�Þða0fu

i�1g þ a2f _u
i�1g þ a3f €u

i�1gÞ þ ½C�ða1fu
i�1g þ a4f _u

i�1g

þ a5f €u
i�1gÞ � fE�g, ð30Þ
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½M̄� ¼

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 M̄S1

2
6664

3
7775, (31)

fE�g ¼

0

0

0

E�
S1

8>>>><
>>>>:

9>>>>=
>>>>;
, (32)

½M̄S1� ¼ r½S�½h11�½ST�, (33)

fE�
S1g ¼ ½S�½h1�½G�ða0fp

i�1g þ a2f _p
i�1g þ a3f €p

i�1gÞ þ ½S�½h1�½Cf �ða1fp
i�1g þ a4f _p

i�1g þ a5f €p
i�1gÞ

þ r½S�½h12�½ST�ð €ui
gÞ. ð34Þ

Eq. (28) is the final form of the equations for obtaining the ith step values of the displacements and the corresponding

velocities and accelerations as follows:

f _uig ¼ f _ui�1g þ a6f €u
i�1g þ a7f €u

ig, (35)

f €uig ¼ a0ðfu
ig � fui�1gÞ � a2f _u

i�1g � a3f €u
i�1g, (36)

where a6 ¼ Dtð1� gÞ and a7 ¼ gDt.

By substituting the values of the calculated ith step displacements in Eq. (28) to values in (24), the ith step pressures

for the fluid domain can be calculated in Eq. (26). The first and the second derivatives of the pressure can be calculated

similarly to Eqs. (35) and (36) as

f _pig ¼ f _pi�1g þ a6f _p
i�1g þ a7f €p

ig, (37)

f €pig ¼ a0ðfp
ig � fpi�1gÞ � a2f _p

i�1g � a3f €p
i�1g. (38)

This ends the coupling process for the ith step; then, the next time steps need to be calculated by applying the same

procedure.
4. Numerical examples

First, a rigid dam (Fig. 2) with a constant reservoir height 180m extending to infinity under a ramp acceleration

(Fig. 3) is studied by using finite elements; then, an elastic dam (Fig. 2) analysis is carried out. Finally, the effect of

bottom absorption is investigated. In all analyses, the wave speed c used is 1439m/s and the water is assumed to be

compressible and inviscid with a mass density of r ¼ 1000 kg/m3.

4.1. Vertical rigid dam

In the finite element method, linear 4-noded serendipity (rectangular) elements are chosen. In the horizontal direction

40 elements and in the vertical direction 20 elements are used. The hydrodynamic pressure at the bottom of the reservoir

is plotted in Fig. 4 and compared with the exact solution (Tsai et al., 1990) (for x ¼ 0),

pðx; z; tÞ ¼
�2rc

Hf

X1
k¼1

ð�1Þk cosðlkzÞ

lk

Z t�x=c

0

anJ0 lkc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt � tÞ2 �

x2

c2

r !
dt

( )
(39)

where lk ¼ ð2k � 1Þp=2Hf , Hf is the height of the fluid and J0 is the Bessel function of first kind; an is the ramp

acceleration shown in Fig. 3.

The distribution of the hydrodynamic pressure on the solid surface, when the hydrodynamic pressure reaches

the peak value at the bottom, is plotted in Fig. 5. In all of the figures, the dimensionless hydrodynamic pressure is
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S. Küc- ükarslan et al. / Journal of Fluids and Structures 20 (2005) 1073–1084 1079
defined as

p

aHf r
, (40)

where a is the maximum value of the ramp acceleration.
4.2. Vertical flexible dam

A reservoir of height 180m, constant along the length of the dam (extending to ‘‘infinity’’) and a width of 15m (Fig.

2) is analyzed under earthquake ground acceleration (Fig. 6). The dam has an elasticity modulus of 3:43
 1011 N/m2,

Poisson’s ratio of 0.0, and mass density of 2400 kg/m3. FEM–FEM coupling is performed with linear 4-noded

rectangular elements. For the dam, three elements in the horizontal direction and 12 elements in the vertical direction

are used. For the reservoir, 30 elements in the horizontal direction and 12 elements in the vertical direction are used.

The far end is truncated at a distance of 900m and Sommerfeld’s boundary condition is implemented for the radiating

waves. Analyses are performed considering a time step of 0.01 s. Results are successfully compared with the available

exact solutions of Lee and Tsai (1991) and Tsai and Lee (1991), and plotted for the bottom pressure distribution of the

dam as seen in Fig. 7 and for the displacements at the top point of the structure as in Fig. 8. In Figs. 6–8, g is the

acceleration due to gravity.
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4.3. Concrete gravity dam

A reservoir of height 180m, constant along the length of the dam (extending to ‘‘infinity’’) and a width of 15m

(Fig. 9) is analyzed under earthquake ground acceleration (Fig. 6). The same material properties as for the vertical

flexible dam are used in this example. The dam bottom is assumed to be rigid, and effects of bottom materials are
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included in the analysis. For the dam structure, 6 elements in the horizontal direction and 12 elements in the vertical

direction are used. For the reservoir domain, 40 elements in the horizontal direction and 12 elements in the vertical

direction are used. The far end is truncated at a distance of 900m and Sommerfeld’s boundary condition is implemented

for the radiating waves. Analyses are performed with a time step of 0.015 s. The hydrodynamic pressure distribution at

the bottom and the displacement-time history at the top of the dam are plotted in Figs. 10 and 11, respectively. Since

value for ab from 0 to 1 cover a wide range of materials encountered at the bottom of reservoirs, results are obtained for

three different values: ab ¼ 0 (case 1), ab ¼ 0:5 (case 2), and ab ¼ 1 (case3). In Figs. 10 and 11, g is the acceleration due

to gravity.
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S. Küc- ükarslan et al. / Journal of Fluids and Structures 20 (2005) 1073–1084 1083
It can be seen from the figures that, an increase of the value of ab from 0 to 1 results in an increase in the peak value of

the displacement and of the hydrodynamic pressure.
5. Conclusions

The dam–reservoir interaction problem in the time domain was studied by coupling the finite element method for the

dam and for the reservoir. The effect of the bottom material was also included in the analysis. A substructure technique

was used to couple the dam and reservoir equations by using appropriate boundary conditions at the common

interfaces. For the truncating boundary at the far end of the reservoir, Sommerfeld’s boundary condition was applied.

The verification of the proposed method has been successfully realized by the comparisons performed using available

results. A final numerical example was carried out to observe the effect of the bottom material on the hydrodynamic

pressure distribution and the displacement variation.
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